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Thermodynamics of Heterogeneous Systems: Stability Analysis

1. Infroduction

Based on Gibbs’ approach /1/ in preceding papers /2, 3/ a
thermodynamic theory of heterogeneous systems was
developed, which allows a description of heterogeneous
systems not only in equilibrium but also in non-equili-
brium states. The outlined theory is more general com-
pared with the theory of Defay et al, /4/, where from the
very beginning a mechanical and thermal equilibrium
between the different phases is assumed.

The developed by us theory was applied o the calculation
of the change of the thermodynamic potentials describing
the system of interest due to the formation of clusters
of a new phase in thermodynamic phase transitions of

first order /3, 5/. Based on these calculations a general

scenario of first-order phase transifions in finite systems
was proposed and a kinetic description of this process was
given /3, 6, 7/.

One main problem in the application of the theory to the
investigation of first-order phase transitions consists in
the analysis of the type of extrema (stable or unstable
states) of the thermodynamic potential describing the
heterogeneous system consisting of s clusters in the other-
wise homogeneous medium. For special cases such a sta-
bility analysis was carried out in /5, 7, 8/. These investi-
_ gations are generalized here and extended to a number
of practically important situations (see also /3/).

2. Derivation of auxiliary relations

If the formation of clusters with a higher molar density
compared with the surrounding medium is considered, the
Gibbs adsorption equation reads '
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Sy and n, ¢ are the superficial entropy and mole numbers,
T the temperature, A the surface area of the cluster,
o the surface tension and y; the chemical potential of the
different components.

According to the postulate of an inner equilibrium /2, 3/
the intensive variables T and u,, of the surface phase
are determined by the corresponding gquantities of the
phase with a higher molar density, in this case of the
cluster phase (specified by a subscript «). It follows, that
¢ can be considered as a function of T, and the molar
densities g;, of the different componenfs in the cluster
phase,

Introducing the notations
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eq. (2.1) yields
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The change of the free energy of a heterogeneous system
(one cluster in the homogeneous medium) for isothermal
reversible processes is given in the considered case by

/2, 3/
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p is the pressure, r, and V, are the radius and the
volume of the spherical cluster, fiy, is determined by
fiy, =ny, + n;. The subscript f specifies the thermo-
dynamic parameters of the medium.
According to-eq. (2.5) the following relations hold
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are considered as functions of n,,,
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Here p,, , o and p,
1=1,2,..,kand V.
A substitution of these equations into eq. (2.6) yields
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This equation must be equivalent to eq. (2.4). To guaranty
this the following relations have to be fulfilled:
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All the partial derivatives are to be calculated here under
the additional assumption of a constant value of the
temperature,

[n the same way we obtain for isentropic processes
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where §a is defined by §a=Sa+ So.

3. Stability analysis for isothermal constraints

The necessary and sufficient conditions for stability of a
heterogeneous system consisting of s clusters in the other-
wise homogeneous medium for the constraints:

V=const. T=const. ny=const., i=12,....k (3

can be formulated as /9/
0Fpey =0 (3.2)
*F e > 0 (3.3)

Here only the case of formation of clusters with a higher
molar density compared with the medium is-considered,
the opposite case can be analyzed in the same way with
the same final results. )

For s clusters in the medium the free energy of the
heterogeneous system (s clusters in the medium) can be
written as /2, 3/:
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Taking into account the constraints (3.1) the following
expressions for F,, and 0F,, are obtained
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The necessary equilibrium conditions are determined,
therefore, by
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The type of equilibrium state is determined by eq. (3.3).
In the subsequent discussion necessary and sufficient con-
ditions for the stability of the equilibrium state determined
by eqs. (3.2) or (3.7) are derived.
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Taking as the point of departure eq. (3.6) 6*Fp,, can be

expressed as
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«313 is the Kronecker symbol.

The inequality (3.3) has to be fulfilled for any possible
deviations of the independent variables from the equi-
librium state (3.2) or (3.7). Consequently, we obtain as one
group of necessary stability conditions
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This conditions has to be fulfilled for each of the clusters.
The inquality (3.11) is equivalent to the demand that the
matrix (3.12), formed by the coefficients of the quadratic
form (3.11), is positive definite /10/. This is the case, if all
major subdeterminants and the determinant J of the
matrix (3.12) itself are positive.

The chemical potentials, the pressure and the surface
tension can be considered also as functions of the molar
densities and the temperature, Consequently, the partial
derivatives in the matrix (3.12) can be expressed by eqs.
(3.13).
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With the auxiliary relations (2.12) and eq. (2.4) we obtain
the following expression for the matrix (3.12):
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The conditions for an intrinsic stability of both bulk
phases (which are the basis of the thermodynamic des-
cription) can be expressed as

8F,>0 *Fp>0 (3.15)

It follows immediately from these conditions, that all
fnajor subdeterminants of the matrix (3.14) are positive.
Therefore, equilibrium states of a heterogeneous system
described by eq. (3.5) are either stable states or unstable
states of saddle-point type. The necessary conditions for
stability can be formulated, therefore, as J >0, where J
is the determinant of the matrix (3.14).

If only one cluster is present in the system, J >0 is the
necessary and sufficient stability condition. In particular,
for one-component systems, we get
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If more than one cluster is formed in the system J >0
is necessary but not sufficient for stability (compare, in
contrast /11/). E.g., in one-component systems eq. (3.7)
has solutions, corresponding to states consisting of s
identical clusters in the homogeneous medium. Considering
simultaneous variations of the parameters of two of the
clusters from eq. (3.3) in addition to eq. (3.16) the following
inequalities are derived
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This set of inequalities cannot be fulfilled simultaneously.
Consequently, in one-component closed isochoric systems
heterogeneous states consisting of s identical clusters
(s = 2) in the otherwise homogeneous medium are always
unstable.

If instead of the constraints (3.1) isobaric isothermal con-
ditions are assumed .

p = pg=const, n; == const, T = const, (3.19)

then the characteristic thermodynamic potential is the
Gibbs free energy G. As it was shown earlier /2, 3/, the
expressions for Gy, and 0G, ., have the form

S

In particular, for one-component systems the necessaly
equilibrium condition (3.16) is reduced to ¢ < 0. This
relation cannot be fulfilled, since the surface tension must
be positive. Consequently, in one-component systems under
the constraints (3.19) no stable heterogeneous state can be
formed. :

4. Stability under isentropic constraints

First, again, isochoric isentropic processes in closed systems
are considered. The constraints are given by

V=const, S=const n; = const, (4.1)

The characteristic thermodynamic potential is now the
inner energy U and the necessary and sufficient conditions

for a stable equilibrium state read
8Uney =0 “.2)

5 Upe, >0 (4.3)

The inner energy of the heterogeneous system Uy, can
be expressed by /2, 3/
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From eqgs., (42) and (4.4) in addition to eq. (3.7) the
necessary equilibrium conditions
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0Gpey has the same structure as OF ;o (see eq. (3.6)),
the only difference is that pg is equal here to the constant
external pressure p.

It follows, that also #°G ., has the same form as eq.
(3.10) but some of the partial derivatives in eq. (3.10) and
the subsequent expressions are equal to zero, now.
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are obtained.
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The brackets () in the partial derivatives indicate, that
in the derivation with respect to one of the variables
ﬁgja) , VS) or Sf‘j) the others are held constant.

As a set of necessary conditions for stability we can
formulate, again, that for all s clusters the major sub-
determinants and the determinant J of the matrix (4.11)
have to be positive.

With eqs. (2.13)—(2.15) the partial derivatives in eq. (4.11)
are determined by ed. (4.12). Going over to the molar
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a
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densities and the entropy densities S = S/V as independent
variables the matrix (4.11) is transformed into expression
(4.14).

From the condition of an intrinsic equilibrium of the
bulk phases it follows, again, that all major subdeter-
minants of the matrix (4.14) are greater than zero. So
the necessary stability conditions are given by J >0,
again, For one cluster in the medium this condition is
necessary and sufficient for stability.
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Moreover, it follows that the equilibrium states correspond
either to stable states or to unstable states of saddle-point
type. Only if additional assumptions concerning the ther-
modynamic properties of the different phases are made,
the number of degrees of freedom of the system is de-
creased and saddle-points can degenerate into maxima,
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Zusammenfassung

Eine Analyse der Stabilitéit heterogener Systeme, beste-
hend aus s Clustern einer neuen Phase im ansonsten
homogenen Medium, wird vorgenommen fiir eine Reihe
praktisch relevanter thermodynamischer Randbedingun-
gen, Notwendige und hinreichende Bedingungen fiir Sta-
bilitit werden abgeleitet. Es wird gezeigt, dall die Gleich-
gewichtszustinde entweder stabil sind oder instabilen Zu-
stinden vom Sattelpunktstyp entsprechen wunabhingig
von den Randbedingungen und der Zah! der Komponenten
im System. Nur wenn zusidtzliche Annghmen iiber die
thermodynamischen Eigenschaften der beiden Phasen ge-
macht werden, die die Zah! der thermodynamischen Frei-
heitsgrade einschridnken, konnen Sattelpunkte zu Maxima
entarten.

Pesiome

B cratbhe OIMCBLIBACTCS AHWIM3 CTAOMIBHOCTM I'E€TEPOrCHHbIX
CUCTEM COCTOSLIMX M3 S CryCcTKOB (racrepH) HOBOM (haskl B
B OCTAALHOM FOMOTE€HHOM MEAMYyME. DTOT aHalu3 IPOU3BE-
JACH JnsS pAfa NPAKTUIECKM PEJIEBAHTHLIX TEPMOAUHAMM-
YECKUX IPAHMUHLIX YCIOBUIL. B CTATHE OTBORATCS HEOOXOHM-
MBIE M JOCTATOUHLIE YCHOBMS JIsi cTabuipHOCTM. IIoKas3aHo,
YTO COCTOAHMA PABHOBECUS SBILIIOTCS CTAOMIIBHBIMU MJIM COOT-
BETCTBYIOT HECTAOMIJIBHBIM COCTOSIHMAM THMIIA IEpeBaja HE3a-
BUCUMMO OT TPAHMYHBIX YCIOBMIL M YMCIA KOMIIOHEHTOB B
cucreme, TOMBKO €CHIM MPOU3BOJATCS JOIOMHUTEIBHBIE IIPEJ-
JNOKEHUS O TEPMOJMHAMWYECKMX KawecTBax ofeux has,
KOTOPHIE OTPAHUUMBAIOT UYMCIO TEPMOZMHAMMYECKUX CTE-
MEeHEe! CBOOOABI, IIEPEBANIBI MOIYT BBIPAKAATCS JO MaKCH-
-MyMa.
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Summary

An analysis of the stability of heterogeneous systems
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